We present a variety of prime-generating constructions that are based on sums of primes. The constructions come in all shapes and sizes, varying in the number of dimensions and number of generated primes. Our best result is a construction that produces 6 new primes for every starting prime.
Introduction
Constructions made from primes have fascinated mathematicians for many decades due to the beauty of their design. A number of such constructions have been proposed, such as: prime magic squares [4, 9] , prime arrays [8] and primes in arithmetic progressions [1, 2] .
In this paper we investigate some new prime-generating constructions that are based on sums of primes. Our constructions come in two flavours: standard and recursive. In standard constructions new primes are generated as the sum of primes used in the construction. Recursive constructions generate new primes, which in turn generate further primes. The recursion terminates when no more primes can be generated. Typically we only use odd primes (ignore 2), forcing our sums to contain an odd number of elements. Our overall aim is to generate constructions of the largest size (order ). If two constructions have the same order then we typically prefer the one with smallest sum of elements (weight). To find all the constructions we use a variant of the randomised hill-climbing algorithm. For small constructions we were able to find the optimal solutions (smallest weight) by using a brute force method.
We describe the following standard constructions: prime vectors (Section 2), cyclic prime vectors (Section 2.1), Goldbach squares (Section 6) and prime matrices (Section 7). We describe the following recursive constructions: prime tuples (Section 3), prime stairs (Section 4), prime pyramids (Section 4.1) and prime cylinders (Section 5).
Prime Vectors
Definition 2.1. A prime vector of order n is an array of distinct primes P = (p0, p1, . . . , pn−1), such that every sum of an odd number of consec- 
(1)
In the above definition, i is the index of the first prime in each sum, while (2L + 1) is the number of terms in each sum.
1 For a given n there are (n − 1) 2 /4 sums. Consider a prime vector of order 5: (3, 11, 5, 7, 17) . Its every element is prime, as well as, every sum of an odd number of consecutive elements: 
We used a variant of hill-climbing to find prime vectors (see Algorithm 1). We start with a random array of distinct primes and then perform various mutations, such as swapping two primes or replacing one prime with a new one. If the mutation improves the score then we keep it, otherwise we revert it. The score measures the number of "incorrect" (composite) sums that the array generates. Hence we want to minimise this score. Using this algorithm we were able to obtain a prime vector of order 23 that generates 121 primes 2 :
( For small orders it is possible to obtain multiple solutions. In such cases we choose the solution with the smallest weight -sum of all elements. In fact, this allows us to define an optimal prime vector : Definition 2.2. A prime vector is optimal if its weight is the lowest possible.
For n ≤ 14 we were able to find the optimal prime vectors (see Table 1 ). To achieve this we used a brute force algorithm. This algorithm iterates through every permutation of n distinct odd primes whose weight is below the best known weight. If a permutation forms a prime vector then the best known weight is updated and the array is printed out. The algorithm terminates when there are no more permutations whose weight is less than the best known weight. Table 1 also shows the running time of this algorithm.
For n > 14 we used Algorithm 1 to find the upper bounds on the minimal weight (see Table 2 ). To obtain the lower bound we used sequences from the OEIS [7] . For odd n the weight must be a prime, so we used sequence A068873 -smallest prime which is a sum of n distinct primes. For even n we used sequence A071148 -sum of the first n odd primes.
Cyclic Prime Vectors
We can also introduce a cyclic prime vector and define its optimality in a similar fashion: Table 2 : Best bounds on the minimal weight of prime vectors for 15 ≤ n ≤ 23. Definition 2.3. A cyclic prime vector of order n is a prime vector P of order n with the additional property that prime sums can span from the end to the start of the array. In other words Cyclic prime vectors differ from normal prime vectors in a few key ways. Every cyclic prime vector is also a normal prime vector, but the opposite may not be the case. Unlike normal prime vectors, cyclic prime vectors can be permuted without affecting their prime sums. Also we cannot easily generate cyclic prime vectors as sub-arrays of larger cyclic prime vectors. Due to the cyclic requirement, cyclic prime vectors require more prime sums for the same order, making them significantly harder to find.
Using the brute force algorithm described above we were able to find the optimal cyclic prime vectors for n ≤ 10 (see Table 3 ). The computation for the optimal cyclic prime vector of order 11 was still running after 4 days, so it is not shown. It is interesting to note that the weight for n = 9 is smaller than the weight for n = 8. Using an algorithm similar to Algorithm 1 we found cyclic prime vectors up to order 14 (see Table 4 ). The largest array generates 84 primes. Table 4 : Smallest (by weight) cyclic prime vectors found for 11 ≤ n ≤ 14.
n-th term is the sum of the previous n terms. In other words
Note it is sufficient to use the first n terms to represent a prime tuple, since the remaining terms can be generated via sums of previous terms. We seek to find prime tuples of order n such that their length is greatest. For example, here is a prime tuple of order 7 with length 25 -the longest we have found: The first 7 terms are shown in bold. The weight of a prime tuple of order n is the sum of its first n terms. When two tuples of the same order have the same length, then we prefer the one with the smaller weight. Table 5 shows the best prime tuples that we found for n ≤ 19. We have used a brute force approach to prove that the prime tuples for n ∈ {3, 5, 9, 11} are optimal. We notice that for n mod 6 = 3 and n mod 6 = 5 the optimal prime tuples have length 2n + 1 and must contain a 3. 
Prime Stairs
Definition 4.1. A prime stair of order n ≥ 3 is a n 2 × n matrix P such that every element P (r, c) at row r > 0 and column c is a distinct prime and each new row is generated from the previous row as follows: P (r, c) := P (r − 1, c − 1) + P (r − 1, c) + P (r − 1, c + 1).
For a given r > 0 we must have c ∈ [r, n − r − 1]. For a given n there are (n − 1) 2 /4 sums. As a shorthand we can represent a prime stair of order n via its first (top) row only, i.e., using an array of length n. For example, the prime stair (13, 17, 7 The weight of a prime stair is defined as the sum of all elements in the first row. We were able to find the optimal prime stairs for n ≤ 11 (see Table 6 ). The computation for the optimal prime stair of order 12 was still running after 4 days, so it is not shown. Using an algorithm similar to Algorithm 1 we found prime stairs up to order 15 (see Table 7 ). The largest stair generates 49 primes. Table 7 : Best (by weight) prime stairs found for 12 ≤ n ≤ 15.
Prime Pyramids
Similarly we can define a 3D version of the prime stair that we will call a prime pyramid : Definition 4.2. A prime pyramid of order n ≥ 3 is a n 2 × n × n matrix P such that every element P (k, r, c) at level k > 0, row r and column c is a distinct prime and each new level is generated from the previous level as follows:
For a given k > 0 we must have r, c ∈ [k, n − k − 1]. For a given n there are n(n − 1)(n − 2)/6 sums. As a shorthand we can represent a prime pyramid of order n via its first (bottom) level only, i.e., using a n × n array. For example, Table 8 The weight of a prime pyramid is the sum of all elements in its first level. We were able to find all the optimal prime pyramids up to order 8 (see Table 9 ). We also found an order 9 prime pyramid with a weight of 27325, but its optimality is not confirmed (see Table 10 ). Table 10 : Prime pyramid of order 9 with weight 27325.
Prime Cylinders
Definition 5.1. A prime cylinder of order n with k layers is a n × k matrix P of odd primes, such that for every c and r > 0: P (r, c) =
Note that the columns wrap around and hence the term 'cylinder'. For example here is a prime cylinder of order 4 and 6 layers -the best found so far: Since all the values below the first layer can be generated from previous values, a prime cylinder can be described using its first layer only. So the above prime cylinder would be described as (1091, 3001, 271, 257). The weight of a prime cylinder is the sum of values in its first layer. When multiple prime cylinders have the same order and number of layers, then we prefer the one with the smaller weight. Prime cylinders were originally introduced in [5] , but were limited to n = 4. Here we investigate other values of n. It turns out that prime cylinders of odd orders cannot have more than two layers, so we focus on prime cylinders of even orders. Table 11 shows the best prime cylinders found for n ≤ 12.
Goldbach Squares
The famous Goldbach conjecture states that Table 11 : Best prime cylinders found for n ≤ 12.
Every even integer greater than 2 can be expressed as the sum of two primes.
Although the conjecture has been verified up to 4×10 18 [3] , a proof still remains elusive. Here we investigate a problem related to the Goldbach conjecture: can we place primes into a square such that every even number is generated as the sum of two adjacent cells? This puzzle has been explored in [6] . More formally we have: Definition 6.1. A Goldbach square of order n is a n × n matrix of odd primes (not necessarily unique) such that the sum of any two adjacent cells is one of the even numbers from 6 to 4 + 4n(n − 1) inclusive and every even number in this range appears exactly once.
For example, here is a Goldbach square of order 3: 
Notice that every even number from 6 to 28 appears exactly once. If there are multiple Goldbach squares for a given n then we prefer the one with the smallest sum of cells (weight). Tables 12 and 13 show the best Goldbach squares that we found for n ≤ 10.
Prime Matrices
Definition 7.1. A prime matrix of order n is a n × n matrix P of odd primes, such that the sum of every odd number of elements in any straight line is prime. More formally, we have 0≤k≤2L P (r + kdr, c + kdc) is prime for ∀ r, c such that 0 ≤ r, c < n and ∀ dr, dc such that (dr, dc) ∈ {(0, 1), (1, 0), (1, 1)} and ∀ L such that 0 ≤ 2L < n and r + 2Ldr < n and c + 2Ldc < n.
We were able to find prime matrices up to order 7. For n ≤ 4 we found optimal (smallest weight) prime matrices. The results can be seen in Table 14 . The lower bound on the optimal weight is the sum of the first n 2 odd primes.
Conclusion and Future Work
We have investigated a number of constructions that generate primes via the sum of primes. Some constructions are more efficient than others at generating primes. We can define a construction's efficiency as the number of primes it generates divided by the number of primes used to construct the construction. Many questions remain unresolved:
• What are the optimal prime vectors for 15 ≤ n ≤ 23 ?
• Is there a prime vector of order 24 ?
• What are the optimal cyclic prime vectors for 11 ≤ n ≤ 14 ?
• Is there a cyclic prime vector of order 15 ?
• What are the optimal prime tuples for n = 7, 13, 19 ?
• What are the optimal prime stairs for 12 ≤ n ≤ 15 ?
• Is there a prime stair of order 16 ?
• What is the optimal prime pyramid of order 9 ?
• Is there a prime pyramid of order 10 ?
• What are the optimal prime cylinders for n ≤ 12 ?
• Is there a Goldbach square of order 11 ?
• What are the optimal prime matrices for 5 ≤ n ≤ 7 ?
• Is there a prime matrix of order 8 ?
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